The Kuramoto model constitutes a paradigmatic model for the dissipative collective dynamics of coupled oscillators, characterizing in particular the emergence of synchrony. Here we present a classical Hamiltonian (and thus conservative) system with 2N state variables that in its action-angle representation exactly yields Kuramoto dynamics on N -dimensional invariant manifolds. We show that the synchronization transition on a Kuramoto manifold emerges where the transverse Hamiltonian action dynamics becomes unstable. The uncovered Kuramoto dynamics in Hamiltonian systems thus distinctly links dissipative to conservative dynamics.
Spontaneous synchronization constitutes one of the most prevalent order forming processes in Nature [1] . In 1975, Kuramoto introduced a now standard model of weakly coupled limit cycle oscillators to analyze synchronization processes [2] . The model characterizes the collective dynamics of a variety of dynamical systems ranging from chemical reactions [3] and neural networks [4] to coupled Josephson junctions [5] , laser arrays [6] and optomechanical systems [7] . In the Kuramoto model, N phase oscillators are coupled via their phase differences. The rate of change of each phase φ j is given by
where ω j is the intrinsic frequency of the jth oscillator, j ∈ {1, . . . , N}, and K denotes the coupling strength. Often, the frequencies are randomly drawn from a distribution g(ω) with finite width. If K exceeds a certain threshold K c , this system exhibits a phase transition from an incoherent to a synchronous, phase-ordered asymptotic state in the thermodynamic limit N → ∞.
Despite its broad importance, many features of the Kuramoto model remain unknown.
In particular, several of its relaxation and stability properties and the collective dynamics for finitely many coupled oscillators seem unusual for a dissipative system and are still not fully understood [9] [10] [11] [11] [12] [13] .
In this Letter, we introduce a class of (classical) Hamiltonian systems that exhibit a family of invariant tori on which the dynamics is identical to that of the Kuramoto model (1). After demonstrating mathematical equivalence of these dynamics, we numerically and analytically study the full volume-preserving Hamiltonian dynamics, focusing on the synchronization transition and its consequences. Intriguingly, the onset of synchronization implies the onset of transverse instability of the invariant tori. We derive an analytic expression quantifying the (phase) order parameter in terms of the local action instability. Beyond local dynamics, the deviation from the tori measured by the inverse participation ratio of the Hamiltonian system provides a distinguished indicator for the synchronization transition. It even scales more favorably with system size than the standard synchronization order parameter. Studying the proposed Hamiltonian systems may thus help to better understand the collective dynamics of the Kuramoto model, in particular for finite N. 
Consider the Hamiltonian function
defined on the N-particle phase space R 2N . The canonical transformation
for ℓ ∈ {1, . . . , N} simplifies the representation of the Hamiltonian in terms of actionangle variables I ℓ and φ ℓ for uncoupled (K 0 = 0) harmonic oscillators (with single-particle
. This transformation is invertible if and only if all
Hamiltonian reads
and the equations of motion are given bẏ
One important property of these equations of motion is that they leave specific manifolds invariant. Any state with all actions homogeneous, I j ≡ I > 0 for all j, yields dI j /dt = 0 and thus leaves all actions unchanged. Thus the family of toric manifolds
are invariant under the flow generated by (5) and (6) for each given I. On one given torus, i.e. for one value of I, the dynamics of the phaseṡ
equals that of the original Kuramoto model (1) with a coupling constant K = 2IK 0 . We conclude that the Hamiltonian function (2) generates the Kuramoto model on the invariant tori T I . This holds for all coupling strengths and arbitrary frequency distributions.
The Hamiltonian dynamical system defined by (5), (6) has two constants of motion, the
Hamiltonian function H itself and (twice) the total action
The dynamics (5) is equivariant under a simultaneous scaling transformation (p j , q j ) → (Cq j , Cp j ) for all j and K → K/C 2 for every C > 0, so we fix the normalization as Systems with N ≥ 3 show a much richer dynamics and suggest the emergence of chaos (cf. Fig. 1 ). Consider for instance three units with frequencies (ω 1 , ω 2 , ω 3 ) = (−2, −1, 3).
Whereas for small coupling, K < K c1 ≈ 1.5, the Poincare section [20] indicates exclusively regular Hamiltonian dynamics (Fig. 1a) , irregular dynamics (Fig. 1c ) prevails for sufficiently large coupling, K > K c2 ≈ 4.6, with mixed state space (Fig. 1b) for intermediate K.
Simultaneous to the transitions in the full Hamiltonian system, synchronization appears on the Kuramoto manifold T N as K increases. The oscillators 1 and 2 are unlocked for weak coupling and phase lock for K > K c1 , while the phase of the third oscillator remains incoherent. For K > K c2 , global phase locking sets in. For all K ∈ [0, ∞), the dynamics is non-chaotic within the Kuramoto manifold (compare also to [15] [16] [17] ).
Phase-locking is indeed closely linked to the instability of the Hamiltonian action dynamics: For small coupling, where the Kuramoto dynamics is not phase-locked, the actions exhibit stable dynamics (cf. Fig. 2 (a) and (c)) and "action locking" I 1 ≈ I 2 ≈ I 3 ≈ 1/2.
In contrast, if the coupling is sufficiently strong such that oscillators lock their phases, the actions "unlock" and chaos manifests itself in intermittent bursts of the actions I j (t) (cf. Fig. 2 of the phases, we analytically derive the approximate dynamics of perturbations ǫ j (t) = I j (t) − I 0 off the torus T N , where I 0 = 1/2 via action normalization. Expanding the equations of motion (5) to first order in ǫ j (around ǫ j ≡ 0) yields the dynamicṡ
where
. This expression directly links the action instability to the phase locking dynamics of the original Kuramoto model: For small perturbations ǫ j , we approximate the dynamics of the phases φ j (t) by the associated dynamics φ T j (t) on the Kuramoto manifold T N . Assuming that the phase dynamics is fast, we further approximate A j,ℓ (t) by its time-average
The structure of the matrix A j,ℓ becomes particularly simple if N becomes large. The off-diagonal elements decay as 1/N such that the matrix tends to be diagonal. Carrying out (15)) [21] .
the sum in the diagonal terms yields
with order parameter
as in [9, 10] .
In general, if the phase of an oscillator j is not locked to the overall phase ψ, the cosine tends to average out (with time) such that A j,j ≈ 0. On the contrary, A j,j > 0 if the oscillator j is locked. Therefore we find that the perturbation ǫ j (t) grow exponentially if and only if the corresponding phases are locked, at least for N ≫ 1.
The numerical example shown in Fig. 3 (a,b) illustrates this reasoning: Perturbations are particularly large, where the associated Kuramoto oscillators are phase-locked (shaded regions). In particular, the fastest rate of divergence of the actions from the invariant manifold is expected for those oscillators that (i) are locked and (ii) are closest to the overall phase ψ (center of locking region) such that the cosine term is maximal. The largest eigenvalue λ 1 of the matrix (A j,ℓ ) j,ℓ dominates the rate of divergence of the actions for randomly chosen initial conditions close to the Kuramoto manifold. In the diagonal approximation (12) for N ≫ 1 and assuming independence (on average) of r and
because φ T j − ψ ≈ 0 for the j yielding the maximum and thus cos(φ T j − ψ) ≈ 1. This expression explicitly maps the stability properties of the actions to the locking properties of the phases. Thus the growth of the action perturbations in the full Hamiltonian system predicts the synchronization order parameter via
Direct observation of the order parameter from the Kuramoto phases shows excellent agreement (cf. Fig. 3c ) with this prediction.
How can the instability be quantified beyond the linear approximation (10)? Again, we compare the dynamics on the Kuramoto manifold T N (with initial actions I j (0) = 1/2) with trajectories started in its immediate proximity (initial actions I j (0) = 1/2+ǫ j ), and measure how much these dynamics deviate from each other by evaluating the variance of (2I j ). For this quantity, the inverse participation ratio, we find
due to action normalization. By construction, P 2 = 0 on the torus T N . P 2 > 0 indicates that the trajectory leaves the torus T N and starts to burst. It is known that systems of Kuramoto oscillators exhibit a phase transition from an incoherent to a synchronized state at some K c in the thermodynamic limit N → ∞ [9] . For finite N, however, the transition is strongly blurred and the order parameter r increases smoothly with K (see also Fig. 4) .
Strikingly, the same transition in the full Hamiltonian system is substantially clearer as indicated by a sharp increase of the participation ratio P 2 > 0 from originally small values close to zero (Fig. 4) . In fact, P 2 indicates the transition more precisely than the Kuramoto order parameter, both with respect to the finite-size scaling below the transition and the jump occurring at the transition point K c (see the insets Fig. 4b,c) .
In summary, we have analytically and numerically demonstrated that a family of Hamiltonian systems bears the celebrated Kuramoto model of coupled oscillators as dynamics on its invariant (toric) manifolds T N I . Interestingly, the emergence of synchrony is equivalent to the emergence of a transverse instability off such a torus. Therefore, the divergence of the actions due to a transverse instability in the Hamiltonian system quantifies the synchronization order parameter of the exact Kuramoto dynamics on T N I . Moreover, for finite systems the participation ratio provides a distinguished indicator for the onset of transverse instability in the full Hamiltonian system and, consequently, the onset of synchronization of the Kuramoto phase dynamics. Taken together, these results establish an exact relation between dissipative Kuramoto systems and volume-preserving Hamiltonian systems and may thereby further our understanding of the intriguing properties of networks of phase oscillators. 
